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Abstract

A stochastic model for a frothless solvent ion flotation from aqueous solutions
is presented. The model takes into consideration both adsorption and desorp-
tion of ions onto bubbles passing through the aqueous solutions to the organic
phase. Theoretical predictions of the stochastic model compare very well with
the experimental results of “flotoextraction” of thulium and americium from
citrate aqueous solutions.

INTRODUCTION

In recent years a growing interest in ion flotation, initiated by Sebba in
1959 (1), has been observed. This interest has been manifested in a series
of papers on the application of ion flotation to the separation of valuable
species from dilute aqueous solutions, and on the effects of various agents
on this process (2-8).

Ton flotation is based on the adsorption of ionic surface-active sub-
stances at the solution-air interface. The surfactants (collectors) react with
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metal ions to form more or less stable complexes which adsorb at the phase
boundary or flocculate to form aggregates that subsequently attach to air
bubbles passing through the aqueous solution. The bubbles transport the
adsorbed and attached species to the surface, either to the layer of froth or,
in the case of “flotoextraction™ (solvent extraction), to the layer of organic
solvent covering the surface of the aqueous solution. In spite of its
simplicity, ion flotation is an extremely complicated process. It depends on
numerous factors such as the character of ions undergoing flotation, the
physicochemical properties of the collectors, the concentration of hydrogen
and other ions, and the presence of other substances (2, 4, 5, 8).

In this paper an attempt is undertaken to describe flotoextraction (i.e.,
flotation with the use of an organic solvent) of Tm and Am in a mathe-
matical way in order to determine some parameters characteristic of the
frothless ion flotation. A probabilistic model of the flotoextraction process
is suggested. In contrast to the model presented in other papers (9, 10), the
present model takes into account the adsorption and desorption of ions
from air bubbles during flotation.

DEVELOPMENT OF THE STOCHASTIC MODEL

The rate of flotoextraction (its intensity) is an important technological
parameter of this process. It reflects not only the efficiency of flotoextrac-
tion with respect to time but also the influence of the changes in physico-
chemical conditions of the system under investigation. When the bubbles
of air flow through the aqueous solution, an adsorption of the collector
ions (which bind the metal ions) takes place on the surface of the bubbles.
At the same time an adsorption of the collector-metallic ion complexes,
which sometimes are formed in the aqueous solution, is also observed.

Metal ions complexed with the collector on the surface of air bubbles
may escape (desorb) from this surface in the form of free ions or as
undissociated collector complexes; in the later stages of the process the
same species may be re-adsorbed on the air bubbles and transported to the
organic phase.

The frequency of these adsorption—desorption phenomena and their
random nature permit the treatment of this process as a stochastic one.
In order to derive an equation describing the kinetics of the frothless ion
flotation, the following conditions are assumed: the organic phase cover-
ing the aqueous solution with a layer of a suitable thickness is not soluble
in the water phase, and is a good solvent for the collector and its complexes
with the metallic ions undergoing flotation; in the probabilistic model of
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the frothless ion flotation process it is assumed that the number of ions
transported in the form of collector complexes by air bubbles to the
solvent layer is a random variable dependent on the time parameter z.

Let N be a number of ions in the aqueous solution undergoing flotation
in the flotation apparatus at the time ¢ = 0. Because of the random char-
acter of the transport of ions in the form of ion-collector complexes by air
bubbles to the layer of the organic solvent, the number n(t) of ions will be
treated as a random variable at time ¢ > 0. When 7 changes, a computable
stochastic process (n(¢)) with a continuous parameter ¢ is obtained.

Let us introduce a function of the transition probability in the form

Pu(t,t + At) = P{n(t + At) =k |n(t) =j}

Transition function P, (¢, t + At) denotes conditional probability of ions
gathered in the surface layer on the air bubbles such that in time (¢ + At?)
there are n(t + At) = k of ions if in time ¢ there were n(t) = j of them.
We assume that the process (n(r)) is homogeneous in time, i.e., that the
probabilities P (#, t + At) depend on the difference At, and hence

Pyt t + At) = Pj(At)

Conditional probability of the change in the number of ions during the
process in the time At is a function of Az, j, and k.

We assume that in the small interval (7, # + Ar) the probability of
both an increment and a decrement of n(¢) by a unit in the surface layer
of air bubbles is proportional to some exact component of a higher
order o(Ar). This probability is equal to A(j)Ar + o(At), A(j) > 0, and to
u(HAt + o(At), u(j) > 0.

If no change has taken place in the interval (¢, t + At), the probability
isequal to 1 — A(j)At — u(HAt + o(Ar).

The conditions of the transition function for the process (n(f)) may be
briefly written as

M)At + o(At) fork =7+ 1
w(HAL + o(At) fork =j—1
Plk(AI) = i . ) (1)
1 — 2(Ar — p(j)At + o(Ar) for k = j
o(At) fork#j—1,j+1

Thus the specified process is a particular case of the computable Markow
process, i.e., the process of birth and death. We assume that n(0) = 0 for
t = 0, and thus the probability P;(f) may be presented as: P, (f) = Py(?).



14:21 25 January 2011

Downl oaded At:

316 STACHURSKI AND SZEGLOWSKI

The probability P,(?) satisfies the following set of equations of Kolmogorov-
Feller:

%Pk(t) = —{Mk) + p)IP(t) + Mk — DP_y(t) + plk + 1Py, ((2)
)

Functions A(k) and u(k) characterize the intensity of the ion flotation

process. Bearing in mind the applicability of the model, we assume that the
functions A(k) and u(k) have the forms

AMk) = (N — k)

ulk) = pk (3)
where « > 0 and p > 0O are constant values characterizing the process.
For an efficient process, the coefficients of intensity « should be sufficiently
large, whereas p should be sufficiently small. If u = 0, we deal with a
process in which the phenomenon of the liberation of ions from the
adsorption layer on the air bubbles does not occur (9).

The specified function of intensity given in Eq. (3) determines the
conditional probability P,(¢) of the ion flotoextraction process. The
smaller the value of the function A(k), the greater number of ions bound to
the adsorption layer and transported by the bubbles to the organic phase.
Taking into account the function of intensity (3), the basic set of Eq. (3)
will have the form

d

— D) = —[aV — &) + u(NP(t) + oN — (k — D]Pe (1)
+ ulk + DP (1) (4)
which together with the initial condition
. 1 fork =0
}L“;Pk(’)sz(O)‘{o fork=1,23,...,N ©)

has a single solution P,(t).
To solve the set of Egs. (4), a generating function of the process under
investigation is applied:
N

G(t,z) = Y Z*P(1) (6)

k=0
then, considering that

6G(ta Z) — i ka—lPk(t)
=0

0z - k=
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if both sides of the kth equation of the set (4) are multiplied by z*, and both

sides are added in the relation for &, the following equation for the
generating function (6) is obtained:

aG(t, z) 0G(t, z)

ot oz

+ {0z + p)z — 1) Nz — 1XG(, 2) M

Using the assumption (5) and the equality (6), the initial condition for
Eq. (7) has been determined:

N
G(0, z) = k;O Z*P,(0) = 1 (8)

Equations for the characteristics for Eq. (7) to determine functions
G = G(t, z) have the form

dt _ dz . dG
1 (z+piz-1) Nz-DG

9)

Hence two first integrals, linearly independent, are obtained:

(Z - l)e—(a+u) — Cl
oz + U

(az + pG~ "N = C,

The particular integral of Eq. (7) satisfying the condition (8) is determined
from the general integral

, z — 1
G(t, 2) = (az + o[ ——e™1*M
(t, 2) = ( el — -
Having determined an arbitrary function, the final expression of the
generating function is obtained in the form:

G(t, 2) = .(&_l_[az +u—az— l)e—t(a+u)]N (10)

+ "
When the generating function is known, it is possible to determine the
probability P,(t) for every distribution time.
Taking into consideration

Po(t) = G(1,0)

1861, 2)

P == e ——————————
D =557 1.,

(In
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the following formula is obtained by the application of (10):

P = (ol + 2 ey

for0<k <N (12)
to determine the distribution of the probability P,(¢) of the random
variable n(t).

The mean value of the random variable n(z) is calculated by means of
the generating function (10) on the basis of the relation

3G(t, 2)

E(n(t)} = m(t) = =3 (13)
z z=1
and the following is obtained
Na -
mt) = —— [l — e '@*W 14
0 = 5! ] (14)

This formula gives the mean value of the random variable n(¢) of ions
present in the layer of an organic solvent in the given time ¢ of the floto-
extraction process. Then, subsequently, the dispersion of the random
variable n(t) is calculated by means of

2 2
D2 {n(t)} = [6 g(tz, z) + 0G(t, z) <8G(t, z)) ] (15)
z 0z 0z =1
and the following dependence is obtained
Na —t{x —t(x
D*{n(t)} = m[l — e 4 qeT M) (16)

Using the expression (14), the asymptotic values of the average number of
ions present in the layer of an organic solvent at high values of the para-
meter ¢ (at ¢t — oco) permit determination of the relation between the con-
stants « and u. Thus we obtain

d = lim [m(t)] = =2

17
o o+ u a”n

which is an equation of the horizontal asymptote for the function m(#).
To determine the degree of the dispersion of the random variable value
n(t) around the mean value (expected at the given time ¢ of the flotoextrac-
tion process), a variability coefficient defined by formula (18) is introduced :
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_\DHn()} _ [+ aexpl—t(x + p)]
M) =220~ Nl — expl=1@ + W %)

EXPERIMENTAL RESULTS

Theoretical predictions of the stochastic model of the frothless ion
flotation have been compared with the experimental resuits of Tm and Am
flotation (77, 12). With citric acid, these elements form complex com-
pounds whose compositions and structures depend considerably on the
concentration of citric acid and pH of the solution. Transplutonium and
lanthanum ions can be floated as citrate complexes using a cationic col-
lector, cetylpyridinium bromide (/2).

Figure 1 shows the recovery of Tm obtained in flotoextraction, in
relation to pH, at different concentrations of citric acid; the results for Am
flotation using 0.01 mole/liter citric acid solution are also given. The data
show clearly the effect of the concentration of citric acid and that of the
pH of the solution on the recovery of flotoextraction. Optimum conditions
for Am and Tm flotoextraction are obtained at pH ~10.5, and the re-
covery of flotation decreases with the increasing concentration of citric
acid.

The efficiency of ion flotoextraction depends on time of the process, as

100 T L T Y T —

®-Tm in 00IM citric acid
O0-Tm n 0.02M ~ "
A-Tmin 0O6M > »
O~Amwmn 0OIM +~ «

[
Q

D
o

Percent recovery
X o
o (=]

o

77 4 6 -8 10 12pH

Fi1G. 1. Recovery of Tm obtained by flotoextraction in relation to pH.
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Fic. 2. Time dependence of recovery of Tm by flotoextraction from ammonium
citrate solutions at pH 10.5

seen in Fig. 2, giving the recovery of Tm from the 0.01, 0.02, and 0.6
mole/liter solutions of ammonium citrate at pH 10.5.

Using the above experimental results, the values of the intensity coeffi-
cients « and u for the flotoextraction process of Tm have been calculated
from the formulas (14) and (17) (Table 1). These coefficients have been
subsequently used to calculate the theoretical recoveries of flotoextraction
by means of the formula (14). Theoretical recoveries are presented in Fig. 2
by continuous lines,

Similar experiments have been carried out for americium, and the results
are shown in Fig. 3 as points representing the dependence of the recovery

TABLE 1
Coefficients for
Congcentration flotoextraction of Tm
of citric acid _
(mole/liter) a u € n D
0.01 0.05 0.0125 0.80 0.20 4.0
0.02 0.04 0.016 0.71 0.29 2.45

0.6 0.0125 0.0251 0.33 0.67 0.49
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F16. 3. Time dependence of recovery of Am by flotoextraction from ammonium
citrate solutions at pH 10.5.

TABLE 2
Coeflicients for
Concentration flotoextraction of Am

of citric acid

(mole/liter) o u € 7 D
0101 0.02 0.037 0.35 0.65 0.54
0.05 0.01 0.066 0.13 0.87 0.16
0.1 — — — — —

of Am on time in flotoextraction from the 0.01, 0.05, and 0.1 mole/liter
solutions of ammonium citrate at pH 10.5. Continuous lines in Fig. 3
denote the theoretical recovery calculated in an analogous manner to that
of Tm by means of formula (14). The values « and p are presented in
Table 2.

The data given in Figs. 2 and 3 show good agreement between experi-
ments and theoretical results.

Knowledge of the values of the coefficients « and u permits us to
determine the degree of flotability or nonflotability and to calculate the
flotoextraction coefficients. The degree of flotability is

o

P (19)

& =
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The degree of nonflotability n has the form:

-k 20)

K o+ u (
The coefficient of flotoextraction D characterizes the partition of the
substance undergoing flotation into aqueous and organic phases. This
coefficient is equal to the ratio of the process intensity coefficients x and u:

D = ua/u (2N

The values of these parameters are presented in Tables | and 2. The
dependence of the coefficients ¢ and # on the concentration of ammonium
citrate for Tm and Am is presented in the form of graphs in Figs. 4 (for Tm)
and 5 (for Am).

DISCUSSION

The mathematical model of the process of flotoextraction developed
above may be used for the determination (by means of formula 14) of the
number m(?) of ions or molecules separated by flotation up to the time ¢.

The coefficient o determines the efficiency of the flotoextraction process.
The coefficient y characterizes the intensity of the liberation (desorption)
of components undergoing flotation from the surface layer of air bubbles
during their flow through the aqueous solution. For an efficient process,
the coeflicient o should have a relatively high value in comparison with
that of the coefficient u (Tables | and 2). When y = 0, the formulas given
in Ref. 9 are valid. The experimental results may be used for the deter-
mination of the values of the coefficients o and u by means of formulas
(14) and (17), and by utilizing the value of the angular coefficient of the
tangent (passing through the beginning of the system of coordinates) to
the curve illustrating the experimental flotoextraction process. In this case,
the angular coefficient with respect to the abscissa axis is calculated by
differentiating the function m(¢) known from formula (14), i.e.,

1 om(t) B
N ot im0

The probability distribution of the value P,(t) of the random variable »(t)
is known from formula (12). Using formula (16), it is possible to establish
the dispersion of the random variable n(t) by determining the number of
ions transported by air bubbles to the laycr of the organic solvent at any
given time ¢ of the process. The variability coefficient §(¢), defined by
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F1G. 4. Dependence of the floatability ¢ and nonfloatability # coefficients for Tm
on the concentration of ammonium citrate.
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FiG. 5. Dependence of the floatability ¢ and nonfloatability # coefficients for
Am on the concentration of ammonium citrate.
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formula (18), gives the degree of the dispersion of the random variable n(r)
around the mean number of ions or molecules passing to the solvent layer
in the given time ¢ of the process. Verification of the assumed hypothesis
concerning the kinetics of the frothless flotation carried out by comparing
the results of Tm and Am flotation shows excellent agreement of the ex-
perimental and theoretical data (Figs. 2 and 3).

Using a certain combination of the coefficients « and p, it is possible to
determine the degree of flotability (19) or nonflotability (20) and to
calculate the flotoextraction coefficient given by formula (21).
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